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คำนำ 

  การเรียนการสอนวิชา Calculus ตองมีเนื้อหาพื้นฐานท่ีสำคัญเชน ระบบจำนวนจริง ลำดับของจำนวนจริง 

ฟงกชันตอเนื่อง อนพุันธของฟงกชัน การอินทิเกรต อนุกรมของจำนวนจริง ฯลฯ การเรียนการสอนวิชา Real 

Analysis ตองมีเนื้อหาพื้นฐานท่ีสำคัญเหมือนกันคือ ระบบจำนวนจริง ลำดับของจำนวนจริง ฟงกชันตอเนือ่ง อนุพันธ

ของฟงกชัน การอินทิเกรต อนุกรมของจำนวนจริง ฯลฯ แตในการเรียนการสอนจริง จะพบวาวิชา Calculus และ 

Real Analysis แตกตางกัน กลาวคือวิชา Calculus ไมเนนการพสิูจนแตจะเนนการคำนวณและประยุกตใชงานโดย

อางอิงหลักการและทฤษฎีบทท่ีสำคัญจากวิชา Real Analysis เชน Bolzano-Weierstrass theorem, Monotone 

convergence theorem, Cauchy convergence criterion theorem, Mean value theorem, Rolle's 

theorem, Extreme value theorem, Cauchy mean value theorem แตการเรียนการสอนวิชา Real Analysis 

จะเนนหลักการทางคณิตศาสตร บทนิยาม การพิสจูนทฤษฎีบทท่ีสำคัญตาง ๆ ขางตน สรุปโดยยอ Calculus เนน

คำนวณ Real Analysis เนนพิสจูน  

  ปญหาจริงท่ีเกิดข้ึนในการเรียนการสอนวิชา Calculus และ Real Analysis คือนิสิตและนักศึกษาบางคนท่ีเรียน 

Calculus สนใจและอยากเหน็วิธีพิสจูนทฤษฎีบทท่ีอาจารยผูสอนนำมาใช ซึ่งในบางคร้ังอาจารยผูสอนตองสอนเนื้อ

อื่นท่ีสำคัญกวาจึงไมมีเวลามากพอท่ีจะพสิูจนในชัน้เรียน ตองแนะนำใหถามนอกเวลา อานหนังสือเพิ่มเติม หรือให

ศึกษาเพิ่มเติมจากวิชา Real Analysis จึงจะไดเห็นวิธีพิสูจนท่ีตองการ 

  นิสิตและนักศึกษาคนเดิมนั้นแหละเชื่อคำแนะนำของอาจารยผูสอน จึงไปซื้อหนังสือ Real Analysis มาอาน พอ

อานถึงทฤษฎีบทท่ีอยากเห็นวิธีพิสูจน บางทีก็ไปเจอคำวา ใหผูอานทำเปนแบบฝกหัด (เสียงบนในใจเบา ๆ ขาพเจา

เสียตังซื้อหนังสือของทานมาอาน ทานยังมาขอใหขาพเจาทำเปนแบบฝกหัดอีก) ตอไปเชื่อคำแนะนำของอาจารย

ผูสอน Calculus จึงไปลงทะเบียนเรียนวิชา Real Analysis อีก พอเรียนถึงทฤษฎีบทท่ีอยากเห็นวิธีพิสูจน อาจารย

ผูสอนก็บอกวาไมมีเวลาพอท่ีจะพิสจูนทุกทฤษฎีบทในชัน้เรียน จึงสั่งใหทำเปนแบบฝกหัดอีก (สมมติวาอาจารยสอน 

Calculus และอาจารยสอน Real Analysis ไมเปนทานเดียวกัน) แลวปญหาแบบนี้จะแกอยางไร 

   

  



 

 

หนังสือ Calculus and Real Analysis เลมนี้จะแกปญหาขางตนได นิสิตและนักศึกษาท่ีกำลังเรียน Calculus สนใจ

และอยากเห็นวิธีพสิูจนทฤษฎีบทท่ีสำคัญ หนังสือเลมนี้ก็จะพิสจูนให นสิิตและนักศึกษาท่ีกำลังเรียน Real Analysis 

และอานหนังสือเลมนี้จะไดเห็นวิธีพสิูจนทฤษฎีบทท่ีสำคัญ (ไมตองเจอคำสั่งวาใหทำเปนแบบฝกหัด) นอกจากนั้น

ทฤษฎีบทบางทฤษฎีบทมีวิธีพิสูจนหลายแบบก็จะเขียนใหผูอานไดเลือกใชตามความเหมาะสมของสถาบันท่ีนิสิตและ

นักศึกษาเรียนขณะนัน้ 

  เนื่องจากเนื้อหา Calculus and Real Analysis มีมากและผูเขียนไมเวนเปนแบบฝกหัดใหผูอาน จึงตองแบง

หนังสือเปน 2 เลมคือ Part A และ Part B (ตองขออภัยจริง ๆ) สุดทายนี้ขอขอบคุณผูอานท่ีติดตามผลงานคณิตศาสตร

ปรนัยมาตลอด ผูเขียนหวังวาหนังสือเลมนี้จะเปนประโยชนตอการเรียนการสอนสำหรับ นสิิต นักศึกษา และผูสอนทุก

ทานและทุกสถาบันท่ีตองศึกษาวิชา Calculus และ Real Analysis  

              รองศาสตราจารยดำรงค ทิพยโยธา 
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(Calculus)  (Real Analysis) 

1  

 R , Q , N  

1.1
1.1.1 (R, +,  )  

1. a, b  R a + b  R         (  

2. x, y  R x + y = y + x        (  

3. x, y, z  R x + (y + z) = (x + y) + z       (  

4. 0  R  x + 0 = x x  R       (  

5. x  R –x  R  x + (–x) = 0   (  

6. a, b  R a  b  R           ( ) 

7. x, y  R x  y = y  x          ( ) 

8. x, y, z  R x  (y  z) = (x  y)  z      ( ) 

9. 1  R  1  0  x  1 = x x  R      ( ) 

10. x  R – { 0 } 1
x   R  x  ( 1

x ) = 1 ( ) 

11. x, y, z  R x  (y + z) = x  y + x  z    (  



40 2 

 x  y xy, 0 , 1  

 

 a, b, c  R  

 1.  a  b  b  a  a = b 

 2.  a  b  b  c  a  c 

 3. a  b  a = b  a  b 

 4.  a  b  a + c  b + c 

1.1.2  x, y  R  x  y +     x  y 

  x, y  R  x  y +               ... (1) 

x  y                        ... (2) 

  x – y  0  = x y
2     0            ... (3) 

  y +   = y + x y
2                (  (3)) 

    = x y
2   

     x x
2

                (  (2)) 

    = x 

  y +   x  

    0 y +   x (1)  (2)  

x  y                          

1.1.3  x  0  x      x = 0 

  x  0  x                  ... (1) 

x  0                        ... (2) 

  x  0  x  0  x  0  x
2

  0           ... (3) 

  (1)  (3) x  x
2

  x  0  1  1
2    

  (2)  

x = 0                          

1.1.1  x  R 

   x   x (floor of x) 

   x   x (ceiling of x) 

   4.1  = 4,  4.5  = 4   4.9  = 4 

      4.1  = 5,  4.5  = 5   4.9  = 5 



3 

1.2
   n  N  P(n) n 

 1 

 1. P(1)  

  2. P(k) k  1  P(k + 1)  

 P(n)   n  N 

 2 

 1. P( 0n )  

  2. P(k) k  0n   P(k + 1)  

 P(n)   n  N  n  0n  

 3 

 1. P(1)  

  2. P(k)  k = 1, 2, 3, ... , n – 1  P(n)  

 P(n)   n  N 

1.2.1 (Bernoulli's inequality)  r  0  n  N (1 + r) n   1 + nr 

 1 P(n) “ (1 + r) n   1 + nr ” 

(1) P(1)  

(1 + r)1  = 1 + 1r  P(1)  

(2) P(k) k  1  P(k + 1)  

P(k) k  1                   ... (1) 

  (1 + r) k 1  = (1 + r) k (1 + r) 

      (1 + kr)(1 + r)            (  (1)) 

     = 1 + r + kr + k 2r   

      1 + r + kr             (k 2r   0) 

     = 1 + (k + 1)r 

 P(k + 1)  

P(n) n  N 

2 n = 1 (1 + r)1  = 1 + 1r 

n  2 (1 + r) n  = 
  

n

k 0

n
k

kr  = 1 + nr + 
  

n

k 2

n
k

kr   1 + nr 

(1 + r) n   1 + nr n  N                 
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1.2.1 x  R  

 x   x (absolute value of x )   x  = x x 0
x x 0

 

1.2.2  x, y, a, 1x , 2x , ... , nx   R  a  0  

 1.  x  =  –x   x   0 

 2.  x   a  –a  x  a          (  –  x   x   x  ) 

 3.  xy  =  x   y  

 4.  x + y    x  +  y    x – y    x  +  y     (  

 5.  x  –  y     x  –  y     x – y  

 6.   x – y   a   x    y  + a 

 7.  1x  + 2x  + ... + nx     1x   +  2x   + ... +  nx    (  

 1.  x  =  –x  

 1 x = 0  –x  =  x  

 2 x  0  x  = x  –x  0   –x  = –(–x) = x =  x  

 3 x  0  x  = –x  –x  0   –x  = –x =  x  

 x   0 

 1 x = 0  x  = 0 

 2 x  0  x  = x  0 

 3 x  0  x  = –x  0  x  0  –x  0   x   0 

   x   0 

2. ( )  x   a                     ... (1) 

 1 x  0   x  = x  0  x  a  

   a  0  –a  x  a 

 2 x  0   x  = –x  x = –  x           ... (2) 

   (1) –a  –  x                    ... (3) 

   (2)  (3) –a  x                 ... (4) 

   x  0  a  0  x  a             ... (5) 

   (4)  (5) –a  x  a 

 ( )  –a  x  a 

 1 x  0   x  = x  –a   x   a   x   a 

 2 x  0   x  = –x  x = –  x  
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   –a  x  a  –a  –  x   a  –a   x   a  

    x   a 

  x    x   –  x   x   x    x    x   

–  x   x   x  

3. 1 x = 0  y = 0   xy  = 0 =  x   y  

2 x  0  y  0 

  2.1 x  0  y  0  xy  0   xy  = xy 

     x   y  = xy =  xy  

  2.2 x  0  y  0  xy  0   xy  = –xy 

     x   y  = (x)(–y) = –xy =  xy  

  2.3 x  0  y  0  xy  0   xy  = –xy 

     x   y  = (–x)(y) = –xy =  xy  

  2.4 x  0  y  0  xy  0   xy  = xy 

     x   y  = (–x)(–y) = xy =  xy  

4.  –  x   x   x   –  y   y   y   –  x  –  y   x + y   x  +  y  

 –(  x  +  y  )  x + y   x  +  y    x + y    x  +  y  

 x – y  =  x + (–y)    x  +  –y  =  x  +  y  

5.      x  =  x – y + y  

          x – y  +  y        ( 4) 

    x  –  y    x – y                  ... (1) 

     y  =  –y  

     =  –x + x – y  

       –x  +  x – y          ( 4) 

     =  x  +  x – y  

  y    x  +  x – y   –  x – y    x  –  y        ... (2) 

 (1)  (2) –  x – y    x  –  y    x – y     x  –  y     x – y  

6.   x – y   a 

   x  –  y     x – y     x  –  y    a 

 –a   x  –  y   a   x  –  y   a   x    y  + a 
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7.  P(n) “  1x  + 2x  + ... + nx     1x   +  2x   + ... +  nx   ” 

(1) P(1)  P(2)  

 1x     1x   P(1)  

 1x  + 2x     1x   +  2x   P(2)  

(2) P(k) k  2  P(k + 1)  

P(k) k  2 

 1x , 2x , ... , kx , k 1x   R 

    1x  + 2x  + ... + kx  + k 1x   =  ( 1x  + 2x  + ... + kx ) + k 1x   

             1x  + 2x  + ... + kx   +  k 1x     (P(2)  

             1x   +  2x   + ... +  kx   +  k 1x    (P(k)  

  P(k + 1)  

P(n) n  N             

1.2.3  a, b  R 

 1.  a  b +     0  a  b 

  2.  0  a – b      0  a = b 

  3.  a – b      0 a = b 

 a, b  R 

1.  a  b +     0                            ... (1) 

 a  b                        ... (2) 

  a – b  0                     ... (3) 

   = 1
2

(a – b)    0                        ... (4) 

  (1)  (4)          a  b + 1
2

(a – b) 

              2a  2b + (a – b) 

                a  b 

              a – b  0                        ... (5) 

  (3)  (5)  (2)  

a  b 

2.  0  a – b      0                          ... (1) 

 0  a – b  b  a                           ... (2) 

 b  a                        ... (3) 

 a – b  0   = 1
2

(a – b)    0          ... (4) 

  (1)  (4) 0  a – b   0  a – b  1
2

(a – b) 
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 a – b  0  1  1
2

  

 (3)  b  a             ... (5) 

 (2)  (5) a = b 

3.  a – b      0   0   a – b      0 

 a  b   a – b  = a – b 

 0  a – b     0 2 a = b           

1.2.1  n2   n  n  N 

1 P(n) “ n2   n ” 

(1) P(1)  
12   1  P(1)  

(2) P(k) k  1  P(k + 1)  

P(k) k  1                   ... (1) 

 k 12  = k2 (2) 

    k(2)                 (  (1)) 

   = k + k  k + 1              (  (1)) 

 P(k + 1)  

P(n) n  N 

2  

(1 + r) n   1 + nr n  N r  0 (1 + 1) n   1 + n n  N 
n2   n n  N                    

1.2.2  n!  n 12  n  N  

P(n) “ n!  n 12  ” 

(1) P(1)  

1! = 1  1 = 1 12  P(1)  

(2) P(k) k  1 P(k + 1)  

P(k) k  1 

 (k + 1)! = (k!)(k + 1) 

     k 12 (k + 1)             (P(k) ) 

     k 12 (1 + 1)             (k  1) 

    = k2  = (k 1) 12   

 P(k + 1)  

P(n) n  N n!  n 12  n  N   
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1.3
1.3.1 A  R  B  R 

1. A  B = { (a, b)  a  A b  B }   A B 

2. f  A  B  

 f   (function) A B (  (a, b)  f (a, c)  f b = c) 

  (domain) f  { a  A  b  B (a, b)  f } 

 f Domain f, fD   fDomain  

  (range) f  { b  B  a  A (a, b)  f }  B codomain 

 f Range f, fR   fRange  

 fDomain  = A f B (f is a function from A into B) 

 f A B f : A  B 

3. f(A) = { f(a) | a  A } f(A)  B 

4. f : A  B   (injective, one–to–one)  

   x, y  A f(x) = f(y) x = y 

5. f : A  B   (surjective, onto)   b  B a  A f(a) = b 

6. f : A  B   (one–to–one and onto, bijective)  

  f   f  

1.3.2 f : D  R D  R 

1. f   (increasing or strictly increasing) 

  x  y  f(x)  f(y)  x, y  D 

2. f   (non–decreasing)  x  y  f(x)  f(y)  x, y  D 

3. f   (decreasing or strictly decreasing)  

  x  y  f(x)  f(y)  x, y  D 

4. f   (non–increasing)  x  y  f(x)  f(y)  x, y  D 

5. f   (strictly monotone)  f  f  

6. f   (monotone)  f  f  

  

1.  (increasing)  

  f   x  y  f(x)  f(y)  x, y  D 

 2  f   x  y  f(x)  f(y)  x, y  D 
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  f  x  y  f(x)  f(y)  x, y  D  

  f   x  y  f(x)  f(y)  x, y  D  

2.  (increasing)  

  f   x  y  f(x)  f(y)  x, y  D 

 2  f   x  y  f(x)  f(y)  x, y  D 

  

  f  x  y  f(x)  f(y)  x, y  D  

  f  x  y  f(x)  f(y)  x, y  D  

1.3.1  f : D  R  

 1. f D f  

 2. f D f  

 3. f D f  

  f : D  R                      ... (1) 

1.  f D                    ... (2) 

 f                   ... (3) 

 1x , 2x   D  f( 1x ) = f( 2x )  1x   2x           ... (4) 

 1 1x   2x   f D  f( 1x )  f( 2x ) 

 2 1x   2x   f D  f( 1x )  f( 2x ) 

 f( 1x ) = f( 2x )  

 (3)  

f  

2.  f D                        ... (5) 

 f                   ... (6) 

 1x , 2x   D  f( 1x ) = f( 2x )  1x   2x           ... (7) 

 1 1x   2x   f D  f( 1x )  f( 2x ) 

 2 1x   2x   f D  f( 1x )  f( 2x ) 

 f( 1x ) = f( 2x ) (6)  

f  

3. f D  

f D f D 

1 2 f                
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1.4 xiom
1.4.1  a, b  R  a  b 

                (a, b) = { x  R  a  x  b },                (a, b] = { x  R  a  x  b } 

               [a, b) = { x  R  a  x  b },               [a, b] = { x  R  a  x  b } 

              (a, ) = { x  R  a  x   },              [a, ) = { x  R  a  x   } 

           (– , b) = { x  R  –   x  b },           (– , b] = { x  R  –   x  b } 

          (– , ) = R  (a, a) =   

 (interval)  

 (a, b)  (open interval) 

 [a, b]  (close interval) 

 (a, b], [a, b)    (half–close interval or half–open interval) 

1.4.2 S  R S   u,   R 

1. s  u s  S u   S (upper bound of S) 

2. s   s  S    S (lower bound of S) 

3. S  (bounded) S  

 S  (bounded)  B  R  s   B s  S 

4. u S u  k k S 

 S S  

5.  S   k k S 

 S S  

6. u S u  S u   S (maximum of S) 

   S S  

 S max S, max(S), Max S, Max(S), SMax , Smax   

7.  S   S    S (minimum of S) 

  S S  

 S min S, min(S), Min S, Min(S), SMin , Smin  

8. S S max S min S 

 

S = (0, 1) 0 S, 1 S, S  S  

S = [0, 1) 0 S, 1 S, min S = 0 S  

S = [0, 1] 0 S, 1 S, min S = 0 max S = 1 

S = (– , 1) S , 1 S, S  S  
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S = (– , 1] S , 1 S, S  max S = 1 

S = (– , ) S S  

1.4.3 S  R S   S  

u   (least upper bound, supremum) S  

  1. u S           ( u  s s  S) 

 2.  c S u  c 

 S sup S, sup(S), lub S 

1.4.1 S  R S   S  

u = sup S    1. u S 

      2. m  u s  S m  s  u 

 ( )  u = sup S                   ... (1) 

 u S                 ... (2) 

 m  u                          ... (3) 

  s  m  s  S                   ... (4) 

   m S  sup S  m  

   u  m (3) (4)  

s  S m  s 

 u S  m  u s  S m  s  u 

( )   1. u S                ... (5) 

   2. m  u s  S m  s  u           ... (6) 

 w S                    ... (7) 

  w  u                       ... (8) 

   (6) s  S w  s  u  

   w S (7) 

  (8)  w  u 

  w S  u  w  

 u = sup S                        

1.4.3 S  R S   S  

   (greatest lower bound, infimum) S  

  1.  S           (   s s  S) 

 2. m S  m   

 S inf S, inf(S) glb S 
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1.4.2 S  R S   S  

 = inf S    1.  S 

     2.   m s  S   s  m 

 ( )   = inf S                    ... (1) 

  S                 ... (2) 

   m                           ... (3) 

  s  m  s  S                   ... (4) 

   m S  m  inf S 

   m   (3) (4)  

s  S s  m 

  S    m s  S   s  m 

( )  1.  S                ... (5) 

    2.   m s  S   s  m             ... (6) 

 m S                    ... (7) 

    m                       ... (8) 

   (6)  s  S   s  m 

   m S (7) 

  (8)    m 

  m S  m    

  = inf S                           

  Completeness axiom  

  S  R S   S S  

Completeness axiom Completeness 

axiom 1.4.3  

1
S  R S   S S  

1.4.4 S  R S   S S  

 S  R S   S             ... (1) 

  S  

   s  s  S                    ... (2) 
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 T = { –s  s  S }  

S   T                    ... (3) 

 t  T  

 s  S  t = –s                  ... (4) 

    s (  (2))  –s  –   

  t  –  

 t  –   t  T  –  T        ... (5) 

 (3)  (5) T   T   

Completeness axiom T  

 0t  = sup T                       ... (6) 

 – 0t  S 

 s  S 

  –s  T  (6) –s  0t   – 0t   s 

 – 0t   s  s  S  

 – 0t  S                  ... (7) 

 m S 

  t  T 

   –t  S  

   m S  m  –t  

   t  –m 

  t  –m  t  T  –m T 

  0t  = sup T (  (6))  0t   –m   m  – 0t  

 m S m  – 0t            ... (8) 

 (7)  (8) – 0t  S 

S                    

 1.4.3  1.4.4  

1.4.5 S  R S   S  

 S S  

 S  R S   S S  

S S S  

S = (0, 1) 1 S 1  S 

S = (0, 1] 1 S 1  S 
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N   

  x  R n  N  n  x 

 N                   ... (1) 

 N  R N    N  

Completeness axiom N   

m = sup N                        ... (2) 

 n  m n  N                    ... (3) 

 m = sup N  m – 1 N 

0n   N 0n   m – 1  0n  + 1  m 

 0n  + 1  N  0n  + 1  m (3) 

 (1) N             

1.4.7  

 ( i ) N  

 ( ii ) z  R n  N n  z 

 ( iii ) x  0   y  R n  N nx  y 

 ( iv ) x  0 n  N 0  1
n   x 

 ( i )  ( ii )  N                 ... (1) 

  “ z  R n  N n  z ”             ... (2) 

  0z   R n  0z  n  N 

   N (1)  (2)  

“ z  R n  N n  z ”  

( ii )  ( iii )  z  R n  N n  z                ... (1) 

 x, y  R  x  0  z = y
x   z  R 

 (1) n  N n  z  n  y
x   x  0  nx  y 

(( iii )  ( iv )  x  0   y  R n  N nx  y        ... (1) 

 x  0 

y = 1 n  N nx  1  0  1
n

  x 

 x  0 n  N 0  1
n   x 

( iv )  ( i )  x  0 n  N 0  1
n

  x           ... (1) 

  N                     ... (2) 

  m  R k  m k  N 
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   0  1
m

  1
k

 k  N                ... (3) 

   x = 1
m

 (1) n  N 0  1
n

  x              ... (4) 

  n  N 0  1
n

  1
m

               ... (5) 

  (3)  (5) (2)  

N                      

1.4.8  y  0 n  N n – 1  y  n 

  y  0 

S = { m  N  y  m }                        ... (1) 

 N t  N y  t  

 t  S  S    

 S  N  S    

Well–Ordering Property of N S       ... (2) 

n S n  S             ... (3) 

n  k k  S                      ... (4) 

 n  S (1)  y  n                  ... (5) 

 n S  n – 1  S  

 n – 1  S  S = { m  N  y  m }  n – 1  y        ... (6) 

 (5)  (6) n – 1  y  n  (2) n n – 1  y  n  

 y  0 n  N n – 1  y  n         

 

 x, y x  y r x  r  y 

 x, y x  y 

1 x  0  

  x  y y – x  0 

 The Archimedean property of R ( 1.4.6) n  N  n  1
y x   0 

  y – x  0  n  1
y x   0  n(y – x)  1  nx + 1  ny     ... (1) 

  nx  0  m  N  m – 1  nx  m     ( 1.4.8)  

  m  nx + 1  nx  m                ... (2) 

  (1)  (2) m  nx + 1  ny  nx  m            ... (3) 

  nx  m  ny  x  m
n

  y            ... (4) 

  r = m
n

 r  x  r  y 
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2 x  0 

  –x  0  

 The Archimedean property of R ( 1.4.6) k  N  k  –x 

  k + x  0 

  x  y  0  k + x  k + y 

 1 s k + x  s  k + y  x  s – k  y 

  r = s – k r  x  r  y            

1.4.10
 x  y xy  

 x y        ... (1) 

 m, n m  0 x = m
n                ... (2) 

 xy                        ... (3) 

 p, q  xy = p
q   

  y = (xy)( 1
x ) = ( p

q )( n
m

) = pn
qm   y        ... (4) 

 (1)  (4) (3)  

xy                   

1.4.11  x, y x  y w x  w  y 

 x, y   x  y x
2

  y
2

  

r x
2

  r  y
2

        ( 1.4.9)  

 x  r 2   y  w = r 2   x  w  y     

 r 2    

 r 2              ( 1.4.10)  

w x  w  y                  

1.4.12 S  R, S  M  R  x – y   M  x, y  S  ... (1) 

 sup S – inf S  M 

  y  S 

 x  S 

  (1)  x – y   M –M  x – y  M  x  y + M 

 x  y + M  x  S  y + M S 

 sup S S  y + M S 

 sup S  y + M  sup S – M  y 
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 sup S – M  y  y  S  sup S – M S 

 inf S S sup S – M S 

sup S – M  inf S  sup S – inf S  M            

1.4.13 S  R  u S            ... (1) 

u = sup S     0 x   S  u –   x   u 

 ( )     0 x   S  u –   x   u       ... (2) 

 b S                    ... (3) 

    0  

   (2) x   S  u –   x   u             ... (4) 

  (3) x   b                   ... (5) 

   (4)  (5) u –   b  u  b +  

   u  b +     0 

  u  b +     0  u  b      ( 1.1.2)  

 b S  u  b             ... (6) 

 (1)  (6) u = sup S 

( )  u = sup S                      ... (7) 

   0                         ... (8) 

  x  S  u –   x  u               ... (9) 

  u –   x  x  u  x  S             ... (10) 

   u S x  u  x  S       ... (11) 

   (10)  (11) u –   x  x  S  

   u –  S              ... (12) 

   (7)  (12) u  u –     0 (8) 

   (9) x   S  u –   x  

    0 x   S  u –   x   u            

1.4.1  S = { x  Q  x  0  2x   2 }  sup S = 2  

  x  S  2x   2  x  2  

 x  2   x  S  2  S       ... (1) 

   R  

  1  = 1
2

min { , 2  } 

  0  1     0  1   2   0  2  – 1        ... (2) 

 1.4.9 r  2  – 1   r  2       ... (3) 

 r  S 
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 (2) –   – 1   2  –   2  – 1            ... (4) 

 2  –   r  2           (  (3)  (4)) 

    0 r  S 2  –   r  2  

 sup S = 2               (  1.4.13)     

  S  

1x   Q  2   1x  2x   Q  2   2x   1x  (  1.4.9) 

 1x   Q  2   1x  2x   Q  2   2x   1x  

S  

 S  

 S  

1.4.2  A  R  sup A, inf A   

 sup A = inf A  c  R  A = { c } 

 ( )  sup A = inf A  c = sup A = inf A              ... (1) 

 c = sup A  x  c  x  A             ... (2) 

 c = inf A  c  x  x  A               ... (3) 

 (2)  (3) c  x  c  x  A  A = { c } 

( )  c  R  A = { c }  sup A = c = inf A           

1.4.3  A = { x  R   0  2x  – 1  2 } max A, min A, inf A  sup A (  

   0  2x  – 1  2  1  2x   2x   3 

         (x  –1  x  1)  (– 3   x  3 ) 

         x  ((– , –1)  (1, ))  [– 3 , 3 ] 

         x  [– 3 , –1)  (1, 3 ] 

A = { x  R   0  2x  – 1  2 } = (1, 3 ] 

 max A = 3 , min A , inf A = 1  sup A = 3            

1.4.14  m S               ... (1) 

m = inf S     0 x   S  m  x   m +  

 ( )     0 x   S  m  x   m +                   ... (2) 

 b S                    ... (3) 

    0  

   (2) x   S  m  x   m +                       ... (4) 

  (3) b  x                    ... (5) 

   (4)  (5) b  m +     
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  b  m +     0  

  b  m                ( 1.1.2)  

 b S  b  m             ... (6) 

 (1)  (6) m = inf S 

( )  m = inf S                              ... (7) 

   0                         ... (8) 

  x   S  m  x   m +                        ... (9) 

   x  m  x  m +   x  S            ... (10) 

   m S  m  x  x  S       ... (11) 

   (10)  (11) x  m +   x  S  

   m +  S              ... (12) 

   (7)  (12) m +   m    0 (8) 

   (9)  

 x   S  m  x   m +     

    0 x   S  m  x   m +                       

1.4.15  A  B inf B  inf A  sup A  sup B

  A  B 

inf B  b b  B  A  B  inf B  a a  A 

 inf B A  

 inf B A  inf A A  

 inf B  inf A                      ... (1) 

sup B  b b  B  A  B  sup B  a a  A 

 sup B A  

 sup B A  sup A A  

 sup A  sup B                    ... (2) 

 (1), (2)  inf A  sup A inf B  inf A  sup A  sup B             

1.4.16  A  B  f : B  R inf f(B)  inf f(A)  sup f(A)  sup f(B) 

  A  B  f : B  R  A  B  f(A)  f(B)  

 inf f(B)  inf f(A)  sup f(A)  sup f(B)        ( 1.4.15)  

1.4.5  A  R, B  R, A  , B    k  R 

     A + B = { a + b  a  A  b  B } 

     kA = { ka  a  A } 

 –A = (–1)A  –A = (–1)A = { –a  a  A } 
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1.4.17  A  R  sup A = –inf(–A)  sup(–A) = –inf A 

  inf(–A) = –sup A 

 s = sup A                         ... (1) 

 a  s  a  A  –a  –s  a  A  

 –s –A                  ... (2) 

 t –A 

  t  –a  a  A  –t  a  a  A  

  –t A  

  –t  sup A  –t  s  t  –s 

  t –A  t  –s             ... (3) 

 (2)  (3) inf(–A) = –s  inf(–A) = –sup A 

 sup(–A) = –inf A 

1  L = inf A                      ... (1) 

 L  a  a  A  –a  –L  a  A 

 –L –A                 ... (2) 

 t –A 

  –a  t  a  A  a  –t  a  A  

  –t A 

  inf A  –t  L  –t  –L  t 

  t –A  –L  t             ... (3) 

 (2)  (3) sup(–A) = –L  sup(–A) = –inf A 

2  inf(–A) = –sup A A –A –sup(–A) = inf A  

 sup(–A) = –inf A                        

1.4.18  A  R  A    k  R  

 1.  k  0  sup(kA) = k sup A  inf(kA) = k inf A 

 2.  k  0  sup(kA) = k inf A  inf(kA) = k sup A 

 1.  k  0 

0s  = sup A  

 0s   a  a  A  

 k  0  k 0s   ka  a  A  k 0s  kA  ... (1) 

 *s  kA  

 *s   ka  a  A 

  k  0  
*s
k   a  a  A  
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*s
k  A 

  0s  = sup A  
*s
k  A  0s   

*s
k  

  k  0  k 0s   *s   

  *s  kA  k 0s   *s            ... (2) 

 (1)  (2) sup(kA) = k 0s   sup(kA) = k sup A 

0t  = inf A 

 0t   a  a  A  

 k  0  k 0t   ka  a  A  k 0t  kA  ... (3) 

 *t  kA  

 *t   ka  a  A 

  k  0  
*t
k   a  a  A   

*t
k  A 

  0t  = inf A  
*t
k  A  0t   

*t
k  

  k  0  k 0t   *t   

  *t  kA  k 0t   *t            ... (4) 

(3)  (4) inf(kA) = k 0t   inf(kA) = k inf A 

2. 1  k  0 

0s  = sup A  0s   a  a  A  

 k  0  k 0s   ka  a  A  k 0s  kA  ... (1) 

 *s  kA  

 *s   ka  a  A 

  k  0  
*s
k   a  a  A   

*s
k  A 

  0s  = sup A  
*s
k  A  0s   

*s
k  

  k  0  k 0s   *s   

  *s  kA  k 0s   *s            ... (2) 

(1)  (2) inf(kA) = k 0s   inf(kA) = k sup A 

0t  = inf A  0t   a  a  A  

 k  0  k 0t   ka  a  A  k 0t  kA   ... (3) 

 *t  kA  

 *t   ka  a  A 

  k  0  
*t
k   a  a  A   

*t
k  A 
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  0t  = inf A  
*t
k  A  0t   

*t
k  

  k  0  k 0t   *t   

  *t  kA  k 0t   *t            ... (4) 

(3)  (4) sup(kA) = k 0t   sup(kA) = k inf A  

2  k  0  k = –  k    k   0            ... (5) 

 sup(kA) = sup(–  k  A) 

    = sup((–1)(  k  A)) 

    = –inf(  k  A)             ( 1.4.17)  

    = –  k  inf A             ( 1.4.18 1)  

    = k inf A              (  (5)) 

   inf(kA) = inf(–  k  A) 

    = inf((–1)(  k  A)) 

    = –sup(  k  A)             ( 1.4.17) 

    = –  k  sup A             ( 1.4.18 1) 

    = k sup A               (  (5))         

1.4.19 A  R, B  R, A  , B    A, B  

sup(A + B) = sup A + sup B  inf(A + B) = inf A + inf B 

  sup(A + B) = sup A + sup B

u = sup A  v = sup B                    ... (1) 

 a  u  x  A  b  v  b  B 

 a + b  u + v  a  A   b  B            ... (2) 

 u + v A + B               ... (3) 

   0  2   0 

  u – 
2

 A  v – 
2

 B 

  u – 2  A 

 x  A  u – 
2

  x  u       (  1.4.13)  ... (4) 

  v – 
2

 B 

 y  B  v – 
2

  y  v       (  1.4.13)  ... (5) 

  (4)  (5) (u – 
2

) + (v – 
2

)  x + y  u + v 

  u + v –   x + y  u + v 

  z = x + y  z  A + B  u + v –   z  u + v 
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   0  z  A + B  u + v –   z  u + v         ... (6) 

 (3)  (6)  u + v A + B    ( 1.4.13) 

 u + v = sup(A + B)                   ... (7) 

 (1)  (7) sup A + sup B = sup(A + B) 

 inf(A + B) = inf A + inf B 

c = inf A  d = inf B                    ... (8) 

 a  c  a  A  b  d  b  B 

 a + b  c + d  a  A   b  B            ... (9) 

 c + d A + B               ... (10) 

   0  
2

  0 

  c + 
2

 A  d + 
2

 B 

  c + 2  A 

 x  A  c + 
2

  x  c        (  1.4.14) ... (11) 

  d + 2  B 

 y  B  d + 
2

  y  d        (  1.4.14) ... (12) 

  (11)  (12) (c + 2 ) + (d + 2 )  x + y  c + d  

  c + d +   x + y  c + d 

  z = x + y  z  A + B  c + d +   z  c + d 

   0  z  A + B  c + d +   z  c + d         ... (13) 

 (10)  (13)  c + d A + B  ( 1.4.14) 

 c + d = inf(A + B)                    ... (14) 

 (8)  (14) inf A + inf B = inf(A + B)               

1.4.20 D  R, D   , f : D  R, g : D  R  f(x)  g(y) x, y  D 

 f(D) , g(D) sup f(D)  inf g(D) 

 D  R, D   , f : D  R, g : D  R  f(x)  g(y) x, y  D    ... (1) 

 D   0y   D 

(1) f(x)  g( 0y ) x  D  g( 0y ) f(D) 

 D   0x   D 

(1) f( 0x )  g(y) y  D  f( 0x ) g(D) 

 f(D)    f(D)   f(D)  (  1.4.3) 

 g(D)    g(D)   g(D)  (  1.4.4) 

 y  D  

  f(x)  g(y) x  D 
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  g(y) f(D)  sup f(D)  g(y) 

 sup f(D)  g(y) y  D                ... (2) 

 sup f(D)  g(y) y  D sup f(D) g(D) 

 sup f(D)  inf g(D)                     

1.4.21 D  R D                   ... (1) 

 f : D  R  g : D  R   f(x)  g(x)  x  D     ... (2) 

sup f(D)  sup g(D) 

  D    f(D)    g(D)             ... (3) 

 f  g   f(D)  g(D)       ... (4) 

 f(D)    f(D)   f(D)  (  1.4.5) 

 g(D)    g(D)   g(D)  (  1.4.5) 

 sup f(D) sup g(D)  

 w  f(D) 

 x  D  w = f(x) 

  f(x)  g(x)  w  g(x)  w  sup g(D) 

 w  sup g(D)  w  f(D)  sup g(D) f(D) 

 sup f(D)  sup g(D)                    

1.4.22  f : D  R  g : D  R         ... (1) 

 f gm  = inf { f(x) + g(x)  x  D }  f gM  = sup { f(x) + g(x)  x  D }         ... (2) 

inf f(D) + inf g(D)  f gm   f gM   sup f(D) + sup g(D) 

  inf { f(x) + g(x)  x  D }  sup { f(x) + g(x)  x  D }  

 f gm   f gM                     ... (3) 

 w  D 

  inf f(D)  { f(x)  x  D }  inf f(D)  f(w) 

  inf g(D)  { g(x)  x  D }  inf g(D)  g(w) 

  inf f(D) + inf g(D)  f(w) + g(w) 

 inf f(D) + inf g(D)  f(w) + g(w)  w  D 

 inf f(D) + inf g(D)  { f(x) + g(x)  x  D } 

 f gm  { f(x) + g(x)  x  D } 

inf f(D) + inf g(D)  f gm                   ... (4) 

 w  D 

  sup f(D)  { f(x)  x  D }  f(w)  sup f(D) 

  sup g(D)  { g(x)  x  D }  g(w)  sup g(D) 
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  f(w) + g(w)  sup f(D) + sup g(D) 

 f(w) + g(w)  sup f(D) + sup g(D)  w  D 

 sup f(D) + sup g(D)  { f(x) + g(x)  x  D } 

 f gM  { f(x) + g(x)  x  D }  
f gM   sup f(D) + sup g(D)                ... (5) 

 (3), (4)  (5) inf f(D) + inf f(D)  f gm   f gM   sup f(D) + sup g(D)      

1.4.23  f : D  R  

sup f(D) – inf f(D) = sup { f(x) – f(y)  x, y  D } 

sup { f(x)  x  D } – inf { f(x)  x  D } = sup { f(x) – f(y)  x, y  D } 

 1 A = f(D) = { f(x)  x  D }  B = f(D) = { f(y)  y  D } 

–B = { –f(y)  y  D }                  ... (1) 

 sup (A + (–B)) = sup A + sup (–B)          ( 1.4.19) 

      = sup A + (–inf B)          (  1.4.17) 

      = sup A – inf B 

      = sup f(D) – inf f(D)                ... (2) 

     A + (–B) = { f(x)  x  D } + { –f(y)  y  D } 

      = { f(x) + (–f(y))  x  D  y  D } 

      = { f(x) – f(y)  x  D  y  D } 

      = { f(x) – f(y)  x, y  D }              ... (3) 

 sup f(D) – inf f(D) = sup { f(x) – f(y)  x, y  D } 

2  x, y  D 

     f(x)  sup f(D)  f(y)  inf f(D) 

      f(x)  sup f(D)  –f(y)  –inf f(D) 

    f(x) – f(y)  sup f(D) – inf f(D) 

 f(x) – f(y)  sup f(D) – inf f(D)  x, y  D 

 sup f(D) – inf f(D) { f(x) – f(y)  x, y  D } 

sup { f(x) – f(y)  x, y  D }  sup f(D) – inf f(D)           ... (4) 

   0 

 2   0 

 sup f(D) – 2  f(D) 

 inf f(D) + 2  f(D) 
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 sup f(D) – 2  f(D) 

 x   D  sup f(D) – 2   g(x )  sup f(D)   (  1.4.13) ... (5) 

 inf f(D) + 2  f(D) 

 y   D  inf f(D)  g(y )  inf f(D) + 2     (  1.4.14) 

           –g(y )  –inf f(D) – 2              ... (6) 

 (5)     g(x )  sup f(D) – 2                ... (7) 

  (6)  (7)   g(x ) – g(y )  sup f(D) – inf f(D) –  

 sup { f(x) – f(y)  x, y  D }  sup f(D) – inf f(D) –  

    0 sup { f(x) – f(y)  x, y  D }  sup f(D) – inf f(D) –  

1.1.2 sup { f(x) – f(y)  x, y  D }  sup f(D) – inf f(D)        ... (8) 

 (4)  (8) sup { f(x) – f(y)  x, y  D } = sup f(D) – inf f(D)          

1.4.24  f : D  R  f(x)  0 x  D     ... (1) 

g : D  R , M  R   g(x)   M x  D      ... (2) 

sup { f(x)g(x)  x  D }  M sup f(D) 

  x  D 

       –M  g(x)  M             (  (2)  g(x)   M) 

   –M f(x)  f(x)g(x)  M f(x)            (  (1) f(x)  0) 

 f(x)g(x)  M sup f(D) 

f(x)g(x)  M sup f(D) x  D 

 M sup f(D) { f(x)g(x)  x  D } 

 sup { f(x)g(x)  x  D }  M sup f(D)                 

 f(x)  0 x  D  

 D = [–4, 3]  g(x) = x  x  [–4, 3] 

  g(x)   4 x  [–4, 3] 

 f(x) = –1  x  [–4, 3] 

 sup f([–4, 3]) = –1 

 f(x)g(x) = –x  x  [–4, 3]  { f(x)g(x)  x  [–4, 3] } = [–3, 4] 

 sup { f(x)g(x)  x  [–4, 3] } = 4 

 sup { f(x)g(x)  x  [–4, 3] } = 4 4 sup { f(x)  x  [–4, 3] } = –4 
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1.4.25    1. f : D  R            ... (1) 

  2. 
2(f )M  = sup { 2(f (x))   x  D }  

2(f )m  = inf { 2(f (x))   x  D }      ... (2) 

  3. |f |M  = sup {  f(x)   x  D }  |f |m  = inf {  f(x)   x  D }       ... (3) 
2(f )M  = |f | 2(M )   

2(f )m  = |f | 2(m )  

  (2)  (3) 0  
2(f )m   

2(f )M   0  |f |m   |f |M  

 x  D 

  0   f(x)   sup {  f(t)   t  D } = |f |M   

  0  (  f(x) ) 2   |f | 2(M )   0  2(f (x))   |f | 2(M )  

 2(f (x))   |f | 2(M )   x  D  

 |f | 2(M )  { 2(f (x))   x  D } 

sup { 2(f (x))   x  D }  |f | 2(M )   
2(f )M   |f | 2(M )       ... (4) 

 x  D 

   f(x)  = 2(f (x))   
2(f )M  = sup { 2(f (t))   t  D }  (  f(x)  ) 2   

2(f )M  

  0   f(x)   
2(f )M  

  f(x)   
2(f )M   x  D  

 
2(f )M  {  f(x)   x  D }  

sup {  f(x)   x  D }  
2(f )M   

 |f |M   
2(f )M   |f | 2(M )   

2(f )M            ... (5) 

 (4)  (5) |f | 2(M )  = 
2(f )M  

 x  D 

  0  inf {  f(t)   t  D }   f(x)  0  |f |m    f(x)  

  0  |f | 2(m )   (  f(x)  ) 2   0  |f | 2(m )   2(f (x))  

 |f | 2(m )   2(f (x))   x  D  

 |f | 2(m )  { 2(f (t))   t  D } 

|f | 2(m )   inf { 2(f (t))   t  D }  |f | 2(m )   
2(f )m          ... (6) 

 x  D 

  0  
2(f )m  = inf { 2(f (t))   t  D }  2(f (x))  = (  f(x)  ) 2   

  0  
2(f )m    f(x)  

 0  
2(f )m    f(x)   x  D  
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2(f )m  {  f(t)   t  D } 

 
2(f )m   inf {  f(x)   x  D }  

2(f )m   |f |m  

 
2(f )m   |f | 2(m )                    ... (7) 

 (6)  (7) 
2(f )m  = |f | 2(m )                    

1.4.26  f : D  R              ... (1) 

 |f |M  = sup {  f(x)   x  D }  |f |m  = inf {  f(x)   x  D }         ... (2) 
|f |M  – |f |m   sup f(D) – inf f(D) 

  (1)  f  : D  R            ... (3) 

 |f |M  – |f |m  = sup {  f(x)   x  D } – inf {  f(x)   x  D }  

     = sup {  f(x)  –  f(y)   x, y  D }       (  1.2.23)  ... (4) 

  f(x)  –  f(y)    f(x) – f(y)   x, y  D      (  1.2.2) 

 sup {  f(x)  –  f(y)   x, y  D }  sup {  f(x) – f(y)   x, y  D }      ... (5) 

 x, y  D 

   inf f(D)  f(x)  sup f(D)  inf f(D)  f(y)  sup f(D) 

     inf f(D)  f(x)  sup f(D)  –sup f(D)  –f(y)  –inf f(D) 

     inf f(D) – sup f(D)  f(x) – f(y)  sup f(D) – inf f(D) 

     –(sup f(D) – inf f(D))  f(x) – f(y)  sup f(D) – inf f(D) 

   f(x) – f(y)   sup f(D) – inf f(D) 

  f(x) – f(y)   sup f(D) – inf f(D)  x, y  D 

 sup f(D) – inf f(D) {  f(x) – f(y)   x, y  D } 

sup {  f(x) – f(y)   x, y  D }  sup f(D) – inf f(D)          ... (6) 

 |f |M  – |f |m  = sup {  f(x)  –  f(y)   x, y  D }       (  (4)) 

      sup {  f(x) – f(y)   x, y  D }       (  (5)) 

      sup f(D) – inf f(D)           (  (6))      

1.4.27  f : D  R             ... (1) 

  0 f(x)    0 x  D                ... (2) 
1
fM  = sup { 

1
f (x)

  x  D }  
1
fm  = inf { 

1
f (x)

  x  D }             ... (3) 

1
fm  = 

 

1
sup f (D)

  
1
fM  = 

 

1
inf f (D)

 

  (1) B  0 f(x)  B  x  D          ... (4) 

 (2)   f(D)  inf f(D)    0       ... (5) 
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 0    inf f(D)  sup f(D)                  ... (6) 

   0  1   0  

 f(x)    0 x  D (  (2))  0  1   1
f (x)

  x  D    ... (7) 

1  { 
1

f (x)
  x  D } 

inf { 
1

f (x)
  x  D }  1                  ... (8) 

 
1
fm   1   0                     ... (9) 

 inf { 
1

f (x)
  x  D }  sup { 

1
f (x)

  x  D }  
1
fm   

1
fM             ... (10) 

 0  1   
1
fm   

1
fM                   ... (11) 

x  D  

  1
f (x)

  inf { 
1

f (t)
  t  D } = 

1
fm   1

f (x)
  

1
fm   0  (  (11)) 

  0  f(x)  1
f

1

m

  

 0  f(x)  1
f

1

m

  x  D 

 1
f

1

m

 f(D)  

sup f(D)  1
f

1

m

                    ... (12) 

 x  D  

  (2) 0  f(x) 0  f(x)  sup f(D)  1
f (x)

  
 

1
sup f (D)

  0 

 0  
 

1
sup f (D)

  1
f (x)

 x  D  

 
 

1
sup f (D)

 { 
1

f (x)
  x  D } 

inf { 
1

f (x)
  x  D }  

 

1
sup f (D)

  0  

1
fm   

 

1
sup f (D)

  0  

 sup f(D)  1
f

1

m

                    ... (13) 

 (12)  (13) sup f(D) = 1
f

1

m

  
1
fm  = 

 

1
sup f (D)
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 x  D  

  (2) 0  f(x) 0  1
f (x)

 

  0  1
f (x)

  sup { 
1

f (t)
  t  D } = 

1
fM   f(x)  1

f

1

M

  

 f(x)  1
f

1

M

  x  D  

 1
f

1

M

 f(D) 

 1
f

1

M

  inf f(D)                    ... (14) 

 x  D  

  f(x)  inf f(D)  0  0  1
f (x)

  
 

1
inf f (D)

  

 0  1
f (x)

  
 

1
inf f (D)

  x  D 

 
 

1
inf f (D)

 { 
1

f (x)
  x  D } 

sup { 
1

f (x)
  x  D }  

 

1
inf f (D)

  
1
fM   

 

1
inf f (D)

 

(11) 0  
1
fM  

 0  
1
fM   

 

1
inf f (D)

  0  inf f(D)  1
f

1

M

          ... (15) 

 (14)  (15) inf f(D) = 1
f

1

M

  
1
fM  = 

 

1
inf f (D)
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1.5

1.5.1  a  R,   0  N (a) = { x  R   x – a    } = (a – , a + )

N (a)  ( –neighborhood of a) 

 *N (a) = N (a) – { a } 
*N (a)  a (deleted –neighborhood of a) 

1.5.2  S  R  a  R

1. a  S (interior point of S)    0  N (a)  S  

2. a  S (boundary point of S)  

    0  N (a)  S    N (a)  (R – S)             

3. Int(S) = { x  R  x S }  Int(S)  S 

4. Bd(S) = { x  R  x S } 

5. Bd(S)  S  S   (closed set) 

6. Bd(S)  R – S  S   (open set) 

1.5.1  S  R  

 1. S Int(S) = S 

 2. S R – S  

 1. ( )  S  

 Bd(S)  R – S                         ... (1) 

 x  S 

  Bd(S)  R – S  x  S  x  Bd(S)               ... (2) 

  x S                 ... (3) 

   0 N (x)  S =   N (x)  (R – S) =                     ... (4) 

  x  S  x  N (x)  x  N (x)  S                ... (5) 

  N (x)  S =                     ... (6) 

  (4)  (6) N (x)  (R – S) =  N (x)  S  

  x S  x  Int(S)  

 S  Int(S)  

 Int(S)  S  S  Int(S)  S = Int(S) 

( ) Int(S) = S                      ... (1) 

 x  Bd(S)                        ... (2) 

    0  N (x)  S    N (x)  (R – S)                      ... (3) 

 x  S                       ... (4) 
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    0  

   (3) N (x)  S    N (x)  (R – S)                 ... (5) 

   N (x)  (R – S)   y  N (x)  (R – S)             ... (6) 

   y  N (x)  y  R – S 

   y  N (x)  y  S  N (x)  S 

  N (x)  S   0  x  Int(S)  

 x  S (  (4))  Int(S) = S (  (1))   

 (4) x  S  x  R – S 

 Bd(S)  R – S  S  

2. ( ) S                         ... (1) 

 Bd(S)  S                     ... (2) 

x  R – S                            ... (3) 

 x  Int(R – S)                       ... (4) 

  x R – S 

     0 N (x)  R – S             ... (5) 

     0 N (x)  S                  ... (6) 

   (3) x  N (x)  (R – S)   0             ... (7) 

   (6)  (7) N (x)  (R – S)    N (x)  S     0    ... (8) 

   (8) x  Bd(S)                   ... (9) 

   (2)  (9) x  S (3) (4)  

 x  Int(R – S) 

 R – S  Int(R – S) 

 R – S = Int(R – S)  R – S      ( 1) 

( )  R – S                    ... (1) 

 Int(R – S) = R – S                ( 1)   ... (2) 

x  Bd(S)                          ... (3) 

 x  S                       ... (4) 

  x  R – S                   ... (5) 

   Int(R – S) = R – S (  (2))  x  Int(R – S) 

    0 N (x)  R – S  N (x)  S =   

    0 N (x)  S =  x S 

   x  Bd(S) (3) 4  

 x  S 

 Bd(S)  S  S                 
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  Int(S)  S  S = Int(S) S  Int(S)  

S  Int(S) S = Int(S) 

1.5.1  S = (0, 5) Int(S)  Bd(S) 

  S = (0, 5)  R – S = (– , 0]  [5, ) 

 Int(S) = (0, 5) 

 x  S 

   = 1
2 min { x, 5 – x }  

    x    5 – x  –x  –     5 – x       ... (1) 

  y  N (x)  

   0   y – x     –   y – x   

             –x  –   y – x      (  (1)) 

            –x  –   y – x    5 – x   (  (1)) 

   –x  y – x  5 – x  

   0  y  5  

   y  S  

  N (x)  S  

 x S  x  Int(S) 

 S  Int(S) 

 Int(S)  S  S = Int(S)  Int(S) = (0, 5) 

 Bd(S) = { 0, 5 } 

 x = 0 

   0 

 1 0    5 

  N (0)  S = (– , )  (0, 5) = (0, )           (  
2

  (0, )) 

  N (0)  (R – S) = (– , )  ((– , 0]  [5, )) = (– , 0]     

 2   5 

  N (0)  S = (– , )  (0, 5) = (0, 5)            (    5)  

  N (0)  (R – S) = (– , )  ((– , 0]  [5, )) = (– , 0]  [5, )     

   0 N (0)  S    N (0)  (R – S)   

0 S                    ... (2) 

 x = 5 

   0 

 1 0    5  5 –   0 
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  N (5)  S = (5 – , 5 + )  (0, 5) = (5 – , 5)       (  5 –   0) 

  5 – 
2

  (5 – , 5)  N (5)  S   

  N (5)  (R – S) = (5 – , 5 + )  ((– , 0]  [5, )) = [5, 5 + )   

 2   5  5 –   0 

  N (5)  S = (5 – , 5 + )  (0, 5) = (0, 5)        (  5 –   0)  

  N (5)  (R – S) = (5 – , 5 + )  ((– , 0]  [5, )) = (5 – , 0]  [5, 5 + )    

    0 N (5)  (R – S)    N (5)  S    

5 S                   ... (3) 

x  0  0  x  5  x  5 x         ... (4) 

 x  0 

   = – x
2     0 

  N (x) = (x – , x + ) = (x – x
2 , x + x

2 ) = ( x
2 , 3x

2 ) 

  x  0  3x
2   0  

  ( x
2 , 3x

2 )  (0, 5) =  N (x)  S =  

   0 N (x)  S =   

  x S 

 x  (0, 5) 

  Int(S) = (0, 5)  Int(S)  S    0 N (x)  S 

    0 N (x)  (R – S) =   

   0 N (x)  (R – S) =   

  x S 

 x  5  

   = x – 5    0 

 N (x) = (x – , x + ) = (x – (x – 5), x + (x – 5)) = (5, 2x – 5) 

  N (x)  S = (5, 2x – 5)  (0, 5) =   

   0 N (x)  S =   x S 

 (2), (3)  (4) Bd(S) = { 0, 5 } 

  

1. S = [0, 5] Int(S) = (0, 5)  Bd(S) = { 0, 5 } 

2. S = [0, 5) Int(S) = (0, 5)  Bd(S) = { 0, 5 } 

3. S = (0, 5] Int(S) = (0, 5)  Bd(S) = { 0, 5 } 

4. S = [5, ) Int(S) = (5, )  Bd(S) = { 5 }               
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1.5.2  S  R  a, b  R  a  b  

 1.  s  S S  S  

 2. (a, b), (– , a)  (b, )  

 3.  A, B A  B  

 4. [a, b], (– , a]  [b, )  

 5.    0 N (a)  *N (a)  

 1.  s  S S 

 S  Int(S)  Int(S)  S  S = Int(S)  

 S                ( 1.5.1)  

2.  x  (a, b) 

  = 1
2 min { x – a, b – x }    0    x – a    b – x 

 a  x –   x +   b                 ... (1) 

 w  N (x) 

  x –   w  x +                   ... (2) 

  (1)  (2) a  w  b  N (x)  (a, b)  

  x (a, b) 

w  (a, b) (a, b)  (a, b)  ( 1) 

 x  (– , a) 

   = 1
2 (a – x)  

    0    a – x    0  x +   a        ... (3) 

  w  N (x) 

   x –   w  x +                    ... (4) 

  (3)  (4) –   w  a  N (x)  (– , a)  

  x (– , a) 

x  (– , a) (– , a)  (– , a)  ( 1) 

 x  (b, ) 

   = 1
2 (x – b)  

    0    x – b    0  b  x –         ... (5) 

  w  N (x) 

   x –   w  x +                   ... (6) 

  (5)  (6) b  w    N (x)  (b, )  

  x (b, ) 

x  (b, ) (b, )  (b, )  ( 1) 
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3.  A, B  

x  A  B  x  A  x  B 

 1 x  A  A    0  N (x)  A  

   N (x)  A  B 

 2 x  B  B    0  N (x)  B 

   N (x)  A  B 

N (x)  A  B x A  B 

x  A  B A  B  A  B  ( 1) 

4. [a, b] = R – ((– , a)  (b, )) 

 (– , a), (b, )             ( 2) 

(– , a)  (b, )            ( 3) 

 R – ((– , a)  (b, ))           (  1.5.1) 

 [a, b] = R – ((– , a)  (b, ))  [a, b]  

(– , a] = R – (a, ) 

 (a, )                ( 2) 

R – (a, )               (  1.5.1) 

 (– , a] = R – (a, )  (– , a]  

[b, ) = R – (– , b) 

 (– , b)               ( 2) 

R – (– , b)              (  1.5.1) 

 [b, ) = R – (– , b)  [b, )  

5.  N (a) = (a – , a + )  (a – , a + )    ( 2) 

 N (a)  

 (a – , a)  (a + )             ( 2)  

 *N (a) = (a – , a)  (a + )  

 *N (a)               ( 3)     

 S   S  

 S S S  

 S S S  

  

1. S = (0, 5), Int(S) = S  Bd(S) = { 0, 5 }  S   S  

2. S = [0, 5), Int(S) = (0, 5)  Bd(S) = { 0, 5 }  S   S  

3. S = [0, 5], Int(S) = (0, 5)  Bd(S) = { 0, 5 }  S  S   S  

4. S = [5, ), Int(S) = (5, )  Bd(S) = { 5 }  S  S   S  
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1.5.3 A  U   J J  

 1. U – 
  J

A  = 
  J

(U A )  

 2. U – 
  J

A  = 
  J

(U A )  

 1. x  U – 
  J

A   

  x  
  J

A  t  J x  tA    x  U – tA   

  x  
  J

(U A )  

 U – 
  J

A   
  J

(U A )                        ... (1) 

x  
  J

(U A )   

 t  J x  U – tA   x  tA   x  
  J

A   

  x  U – 
  J

A  

 
  J

(U A )   U – 
  J

A                  ... (2) 

 (1)  (2) U – 
  J

A  = 
  J

(U A )  

2.  x  U – 
  J

A   

  x  
  J

A   x  A     J  

  x  U – A     J  

 x  
  J

(U A )  

 U – 
  J

A   
  J

(U A )                ... (1) 

 x  
  J

(U A )   

  x  U – A     J  x  A     J  

  x  
  J

A   

  x  U – 
  J

A  

 
  J

(U A )   U – 
  J

A                ... (2) 

 (1)  (2) U – 
  J

A  = 
  J

(U A )               
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1.5.4 iA  U i  F F  

 1.  iA   i  F i
i  F

A  

 2.  iA   i = 1, 2, 3, ... , n 
  

n
i

i = 1
A   

 1.  iA   i  F  

x  i
i  F

A   

   F x  A  

  A    A  = Int( A )  x  Int( A ) 

   0 N (x)  A    0 N (x)  i
i  F

A   

  x i
i  F

A   x  Int( i
i  F

A ) 

 i
i  F

A   Int( i
i  F

A ) 

 Int( i
i  F

A )  i
i  F

A   i
i  F

A  = Int( i
i  F

A )  

i
i  F

A               (  1.5.1) 

2.  iA   i = 1, 2, 3, ... , n               ... (1) 

1.5.1 iA  = Int()  i = 1, 2, 3, ... , n           ... (2) 

1 
  

n
i

i = 1
A  =   

   Bd(
  

n
i

i = 1
A ) = Bd( )  

         R  

        = R –   

        = R – 
  

n
i

i = 1
A   

  Bd(
  

n
i

i = 1
A )  R – 

  

n
i

i = 1
A   

  

n
i

i = 1
A   

2 
  

n
i

i = 1
A       

  x  
  

n
i

i = 1
A   

   x  iA   i = 1, 2, 3, ... , n               ... (3) 

   (2)  (3) x  Int( iA )  i = 1, 2, 3, ... , n 

   i  { 1, 2, 3, ... , n } i   
i

N (x)  iA       ... (4) 
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    = min { i   i = 1, 2, 3, ... , n }  

   N (x)  
i

N  (x)  i = 1, 2, 3, ... , n          ... (5) 

   (4)  (5) N (x)  iA   i = 1, 2, 3, ... , n  N (x)  
  

n
i

i = 1
A   

   x 
  

n
i

i = 1
A   x  Int(

  

n
i

i = 1
A ) 

  
  

n
i

i = 1
A   Int(

  

n
i

i = 1
A )  

 Int(
  

n
i

i = 1
A )  

  

n
i

i = 1
A   

  

n
i

i = 1
A  = Int(

  

n
i

i = 1
A )  

  
  

n
i

i = 1
A              (  1.5.1)     

1.5.5 1.  iA   i  F i
i  F

A   

     2.  iA   i = 1, 2, 3, ... , n 
  

n
i

i = 1
A   

 1.  iA    i  F 

 R – iA   i  F        (  1.5.1) 

 i
i  F

(R A )            (  1.5.4) 

 i
i  F

(R A )  = R – i
i  F

A  ( 1.5.3)  R – i
i  F

A   

 i
i  F

A              (  1.5.1) 

2.  iA   i = 1, 2, 3, ... , n  

 R – iA   i = 1, 2, 3, ... , n    ( 1.5.1) 

  

n
i

i = 1
(R A )               (  1.5.4) 

 R – 
  

n
i

i = 1
A  = 

  

n
i

i = 1
(R A )  ( 1.5.3)  R – 

  

n
i

i = 1
A   

 
  

n
i

i = 1
A               (  1.5.1)      

1.5.2 kA  = [0, 2 – 
k
1 ]  k = 1, 2, 3, ... 

1 k 
kA  = [0, 2) 

 x  
1 k 

kA  

 k  N x  kA  x  [0, 2 – 
k
1 ] 0  x  2 – 

k
1  
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 2 – 
k
1   2 0  x  2 x  [0, 2) 

1 k 
kA   [0, 2)                   ... (1) 

x  [0, 2) 

 0  x  2  2 – x  0  1
2 x   0 

 q  N q  1
2 x   

 0  q
1   2 – x  0  x + q

1  

  0  q
1   2 – x  0  x + q

1   2  0  x  2 – q
1   x  qA   x  

1 k 
kA  

[0, 2)  
1 k 

kA                    ... (2) 

 (1)  (2) 
1 k 

kA  = [0, 2)                  

1.5.3 kA  = (–
k
1 , 

k
1 )  k = 1, 2, 3, ... 

1 k 
kA  = { 0 } 

 –
k
1   0  

k
1  k  N 0  kA  k  N  

0  
1 k 

kA  

{ 0 }  
1 k 

kA                     ... (1) 

x  
1 k 

kA  

 x  kA  k  N                  ... (2) 

 x  0                       ... (3) 

   x   0  1
| x |   0 

  q  N q  1
| x |    x   q

1  

  x  – q
1  x  q

1  x  qA            ... (4) 

  (2) (4) (3) x = 0 

 x  { 0 } 

1 k 
kA   { 0 }                    ... (5) 

 (1)  (5) 
1 k 

kA  = { 0 }                    
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1.5.4 kA  = [p – 
k
1 , p + 

k
1 ]  k = 1, 2, 3, ... 

1 k 
kA  = { p } 

 p – 
k
1   p  p + 

k
1  k  N p  kA  k  N 

p  
1 k 

kA  

{ p }  
1 k 

kA                       ... (1) 

x  
1 k 

kA  

 x  kA  k  N  

 p – k
1   x  p + k

1  k  N               ... (2) 

 x  p                       ... (3) 

   x – p   0 

   1
| x p |

  0 n  N n  1
| x p |

  

   0  1
n

   x – p  x – p  – 1
n

 x – p  1
n

 

   x  p – 1
n

 x  p + 1
n

 x  nA          ... (4) 

  (2) (4) (3)  

 x = p x  { p } 

1 k 
kA   { p }                    ... (5) 

 (1)  (2) 
1 k 

kA  = { p }                   

 n  N nA  = (– 1
n , 1

n )  

 1. nA  n  N           ( 1.5.2)  

 2. 1.5.3 i
n = 1

A  = { 0 }  { 0 }  

nA  n  N i
n = 1

A   

n  N nA  = [0, 2 – 1
n

]  

 1. nA = [0, 2 – 1
n

]  n  N        ( 1.5.2) 

 2. 1.5.2 n
n  1

A  = [0, 2)  [0, 2)  

nA  n  N n
n  1

A   
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1.5.3  S  R x  R 

x  (  S    0 *N (x)  S    

x accumulation point  S    0  ((x – , x + ) – { x })  S   

Acc(S) = { x  R  x accumulation point  S } 

x   (x  S  x  Acc(S)) 

  

1. accumulation point  S  S  

  

 1.5  accumulation point (1, 2) (1, 2) 1.5  

 1  accumulation point (1, 2) (1, 2) 1  

2. accumulation point limit point, cluster point 

3. x accumulation point  S x S   

 3.1 A = [1, 2] A  accumulation point A 

 3.2 B = (1, 2) B  accumulation point B  

  1 2  accumulation point B 1  B  2  B 

 3.3 C = (1, 2)  { 3 } [1, 2]  accumulation point C  

  3  accumulation point C 

   = 0.5 ((3 – , 3 + ) – { 3 })  C = ((2.5, 3.5) – { 3 })  C =  

 3.4 D = { 1, 2, 3 } D  accumulation point 

 3.5 F = (– , ) F  accumulation point 

1.5.6  S  R  x  R  

x accumulation point  S  *N (x)  S     0 

  S  R  x  R 

( )  x accumulation point  S                ... (1) 

   0 

  (1) *N (x)  S    

 1x   *N (x)  S  

   0   1x  – x       

  1  =  1x  – x  

  (1) *
1

N (x)  S    

 2x   *
1

N (x)  S  

   0   2x  – x   1   
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